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Abstract 



A free Rarita-Schwinger field in the Anti-de Sitter space is considered. We 
show that the usual action can be supplemented by a boundary term that can 
be interpreted as the generating functional of the correlation functions in a con- 
formal field theory on the boundary of the Anti-de Sitter space. 



1 On leave from Moscow State University and L. D. Landau Institute for Theoretical Physics, 
Moscow, Russia. 



1 



1 Introduction 



Recently it has been proposed by Maldacena |l| that there is an exact correspondence 
between string theory on Anti-de Sitter space (AdS) and a certain superconformal 
field theory (CFT) on its boundary For instance, the large N and the large t'Hooft 
coupling limit of M = 4 four dimensional SU(N) Super Yang-Mills can be described 
by IIB supergravity compactified on AdS§ x S 5 . In |3| the recipe for computing field 
theory observables via AdS was suggested, namely, the action for a field theory on AdS 
considered as the functional of the asymptotic value of the field on the boundary of 
the AdS space is interpreted as the generating functional for the correlation functions 
in a conformal field theory on the boundary. For example, for the scalar field one has 

ZAdslM = I V<P exp(-5[0]) = Zcft&o] = (exp ( [ d d xO(f> \ 

J4>0 \ \JdAdS d J , 

where 0o is the boundary value of and it couples to the scalar O on the boundary. 
Hence calculating the action on the AdSd+i side allows one to obtain the correlation 
functions on the CFT d side. 

Recently, scalar, spinor, vector and graviton fields have been considered on vari- 
ous products of AdS spaces; two, three and four-point functions were calculated and 
various non-renormalization theorems suggested Pl- plR . One can deduce the scaling 



dimensions of operators in the conformal field theory from the masses of particles in 
string theory. Spinor fields of spin 1/2 were discussed in |7j (see also |J) where it was 
pointed out that the ordinary Dirac action vanishes on-shell; so to get the generating 
functional in conformal field theory one has to supplement the action by a certain 
boundary term, which produces the correlation function in conformal field theory. 

In this note we will discuss the Rarita-Schwinger field on AdSd+i- It can couple to 
the supersymmetry current, thus it is natural to reproduce the two-point correlation 
function of the supersymmetry currents from the partition function on the AdS side 
by finding the appropriate boundary term to add to the action, since the bulk action 
vanishes onshell. In section 2 we consider the Rarita-Schwinger field on AdSd+i and 
find the solution of the corresponding Dirichlet problem. In section 3 we review the 
two-point function of operators coupling to gravitini, which is restricted by conformal 
invariance. Finally, in section 4 we find the boundary term on the AdSd+i side which 
reproduces the correlator on CFTd side, and the relation between the scaling dimension 
of the operator in the CFTd and the mass of the particle in the AdSd+i space. 



2 The Rarita-Schwinger field on AdSd- 



l 



Here we will consider the Rarita-Schwinger field on AdSd+i- The action for the Rarita- 
Schwinger field in curved space reads 

/„= / d d+1 xVG^Jr" uX D v - rnT^x, (2) 

J AdS 

where 
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n = (^a) is the Rarita-Schwinger field, = 7 a e^, {7 a , r ) b } = 25 ab , is a vielbein 
such that the metric = e a ^e b v 5 a b] and by [...] we denoted antisymmetrization of the 
indices; fi, u,a,b = 0, 1, d. 

In the coordinates x M = x) = x l ), i = 1, . . . , d, the Euclidean AdSd+i space 
is represented by the Lobachevsky upper half-space x° > and the metric ds 2 is given 
by 

ds 2 = G^dx^dx" = —(dx°dx° + dx. ■ <ix). (4) 

x 

The boundary M d = dAdSd+i is defined by the hypersurface x° = plus a single 
point at x° = oo. With the choice of the vielbein 

e* = (x°)-% a = 0,...,d (5) 

for which the corresponding nonvanishing components of the spin connection uj ab has 
the form j7| 

u>? = -uj° = (xT 1 ^, (6) 
the operators D u , If) are given by 

D v = d v + \uJ b u ^ bc = d v + ^ 7 o„ P= x°j d + a; r ■ V - ^ 7 °- (7) 
Using the condition 

r>% = o, (8) 

we can rewrite the Rarita-Schwinger equation 

T^ p D u m p = mT^y (9) 
in the following form for ip a = e^^: 

XoYdulpa ~ T^lO^a = 7a^0 ~ mif) a . (10) 

The solution of the above is given by 

ifj (x ,x) = / d d pe ipx {px )^ (i-K m+1/2 (px ) + K m „ 1/2 (px ))cQ (p), (11) 
j p 

ifji(x ,x)= / d d pe tpx (xQp)^(i-K m+1 / 2 {pxQ) + fr m _i/ 2 (pa;o)K r (p) + 
j p 

/ dVe^(xop)^[^f ^ m+ 3/ 2 (px ) - — K m+1/2 (px ) + ^K m+1/2 (px )]c (p). (12) 

J p p XqP 

where p = |p|, p = Ypu K u is the modified Bessel function and Co, Q satisfy 7oCq = — Cq 
and 7 c~ = — c 4 ~. 

The condition 70^0 + li^i = takes the form 

(2m + d+ l)p 
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Similarly, the solution of the conjugate equation is: 

tp (x ,x)= I d d pe i ^(pa;o)^ a 4(p)(-i--K' fn+ i / 2(pxo) + K m _ 1/2 (px )) (14) 

4>i(x ,x) = J d d pcf (p)e vpx '(xop)^ (-i-K m+1 / 2 (px ) + K m ^ 1/2 (px )) + 

/ d d pc^(p)e ipx (x p)^[^-K m+3/2 (px ) - —K m+1/2 (px ) - — K m+1/2 (pxo)}, (15) 
with 



(2m + d + 



c+(p) 7 i = 0. (16) 



Let us now consider the boundary conditions on the surface x = e, e — » P, |I5 
Without loss of generality we will consider the case of positive m (the other case can 
be treated similarly). Then fixing the positive components il)l ,+ (x) of the boundary field 
we find that the negative components ipl~{x) vanish, where tp*' (x) = |(1 ±70)^(20 — 
e, x). To specify solutions we use the functions \i 

XT (2) = 6 m - rf /^/'-(f), xt(x) = e m ~ d ^ + {x). (17) 
The dependence of c and q on them is given by (|3~3"D and (|34l) in appendix A. 



3 Correlator in CFTd 

Conformal invariance fixes the two-point correlation function for spin 3/2 primary fields 
of scaling dimension A up to normalization to be 



< O ka {x)0 3 M >= C;Jgi(*W-2^) 



X 2A+1 \" K 3 ~ x 2 



(18) 



where i,j are vector indices, a, (3 are spinor indices and x a p = Y a p x i- 



4 Boundary term 

The Rarita-Schwinger action vanishes on-shell; thus in order to reproduce the two-point 
correlation function of spin 3/2 fields in the boundary conformal field theory one has 
to supplement the action by the boundary term. This is analalous to the spinor case 
and so we similarly take 

I ~ lim [ d d x\[~G^ i G ij ^ jl (19) 

a 

where as in the spinor case is the surface of Xq = e, is the induced metric on 
with determinant G t = e~ 2d . To compute the total action we following || consider 
the Dirichlet problem on M e d . 
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The action ( [TDP can be rewritten in momentum space in the form 

I ~ / d d pe- d (^t(e,pW(t, ~P) + $-(e,p)^( e , -p)). (20) 



Generally speaking the expression ( ^0|) contains divergences when e — > 0. Selecting 
the finite part, one gets the action (see appendix A for details of the derivation) 



>,i -+/-» 2mAiP 2(2m-l) p^-p _ 
p a + 2m — 1 p- 1 



where the boundary spinors Xi an d Xi are defined as in (|T/1). 

Taking the Fourier transform and integrating over p (we use integrals from appendix 
B) we get the expression for the boundary term on the AdS side 

^ J *VXt(*) {x *~jL» x M» " ^"'f^l^ kjfa), (22) 
which matches the expression for the CFT correlator (|Tj|) with 

A = d/2 + m. (23) 

So we found the agreement between the two-point function derived from the AdSd+i 
side and the CFT^ side once the appropriate boundary term was added. 

The mass spectrum of IIB supergravity on AdS^ x S 5 has been worked out in [22] . In 



particular it was shown that there is a massless gravitino field which satisfies equation 
@ with m = 3/2. The IIB supergravity on AdS^ x S 5 is dual to four dimensional 
Af = 4 Super Yang-Mills [0] . The supersymmetry current E£ 

£\a = -o^F^cuXa + 2iip AB ¥\ a B + ~ia^Jd u (-? AB \p B ), (24) 



sec 



2l|, 1 for details) which couples to the Rarita-Schwinger field has the scaling 



dimension A = 7/2. One gets this dimension from (P3|) if one takes d = 4 and m = 3/2. 
This provides a test of the AdS/CFT correspondence in this case. The lid supergravity 
on AdSf x S 4 , is related to the theory on M5-branes |l[] and thus to (2,0) theory in the 
large N limit. The spectrum of the supergravity theory was computed in Q and that 
of the primary operators of the conformal algebra of arbitrary spin was discussed in 
0, 0. In particular the gravitino was discussed and the relation between the scaling 
dimension and the mass agrees with our analysis. 

After this paper was completed and prepared the paper []27| appeared with similar 
results. 
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Appendix A 

Here we will present the details of the imposed boundary conditions and the derivation 



of the term Let us set xq = e in fll2|) 

= J d d xe~*%(e,x) = (ep)^ (i^K m+1/2 (pe) + K m . 1/2 (pe))c- (p) + (25) 

(ep)^pYK m+3/2 (pe) - —K m+l/2 (pe) + — K m+x/2 {pe)\cQ (p), (26) 
p z p ep 

and introduce 

# ± =2(l±7o)# (27) 

Then from the asymptotic behavior of the Bessel function for m > we conclude that 
once we fix ipl' + , then — » 0, so analagous to the spinor case tpl' + can be used to 
determine the boundary data and 

# + ($ = (ep)^i^K m+1/2 {pe) ■ cr(p) + (28) 

(ep)^[^-K m+3/2 (pe) + —K m+l/2 (pe)}c (p). 
p ep 

Let us now find the dependence on Cq and c~ from ipl ' . Suppose for some a and / 

Pi 

Ci = bi + -^acQ + fjiCQ. 

Then in (p8|) if we require the first term in the right hand side to be equal to the left 
hand side we get 

m+ -M- 4 * 1 , (29) 



or 



pK m+1/2 (ep) 

a = i (pe)K m+3/2 (pe) ^ 
K m+1 / 2 {pe) 

f = $- (3D 

P 

{ep) 2 + [ 7— T- + — -]c - (32) 



p K m+1/2 (pe) p pK m+1/2 (pe) p 
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The condition flT3| ) gives the expresion for c$ and in the form 

-- 2pPi M ^ -# + , (33) 



p 2 (2m + d - l)i^ m+ i/ 2 (pe) - 2(ep)K m+3/2 (ep) 



= _W (e P y d ? _ ^ (pe)K m+3/2 (pe) + ^ x 

P K m+ i/ 2 {pe) p pK m+l/2 {pe) p ' 



d+l 
2 



2 m M~ - ^,+ , 



p 2 (2m + d- l)K m+1/2 (pe) - 2(ep)K m+3/2 (ep) 
Then from (|12|) we get 



lMe,2) = / d d pe iJ35? [# + + (ep)^^ m _ 1/2 (6 P )cr - (ep)^ C-^)K m+1/2 (ep)c^}. (35) 
j p 

Substituting the expression ( |3"3"D and ( |5^ ) in fl55| ) and defining the boundary spinors 
XT = lime™- d /^r, xt = ^e m - d/2 ^' + , (36) 

we get 

^ = e- +d / 2 / d d pe^[xf ~ %l ■ ^^Xt- (37) 

J P K m+ l/ 2 

{( — )CP ~ + ( )#m-l/2}>< 

P A m+ l/2 p 

1 *+}]. 

p 2 (2m + d - l)K m+ i/ 2 - 2epK m+3/2 3 

We assumed here that the argument of the Bessel function is ep. The very similar 
expression can be easily written for the conjugate spinor. Now let us proceed with 
calculation of the boundary term: 

d d ke~ d (^tmt(-k) + (38) 



as the functional of the boundary spinors xt an d Xi '■ 

I~ 2 J d d ke-^xT{k)[-^V{ep) - (^^Mep)] X +, (39) 

where 

W tf m+ i/2W V ' (2m + d - l)K m+in (z) - 2zK m+m (z) ' y ' 

We notice that to get rid of singularities one has to take terms in the square brackets 
~ e 2m . Using the asymptotics of the Bessel functions for small z: 

K v {z) = z-^V(u) - ^- 1 - v T{U ^ i l~ ) U) + •■ (41) 



we get the answer (]2T] 
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Appendix B 

We used the following integrals in the above: 



d d pp,e^V=* Md + X)Xt 



d a pp i p j p k e ii!S p x 



iA x {d + X)(d + X + 2) 



x 



d+X+2 



(42) 



x 



d+A+4 



where A x = 2 d+X 7r d / 2 ^^-, so that A x+2 = -(d + A) (2 + d)A> 



[{5 ik Xj + 5 ij x k + 5 jk x i ) - (d + X + A) XlXjXk }, 

X (43) 
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